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1 In tro duction

In this c hapter w e dev elop an in terpreter of a higher-order constrain t logic

programming language in Standard ML (SML). The logic programming lan-

guage is closely related to � Prolog [25 ], though the t yp e system supp orted

b y our implemen tation is more general, for example b y allo wing explicit ab-

straction o v er t yp es. The implemen tation is closely mo deled after eLP , an

implemen tation of � Prolog in the Ergo Supp ort System [8 , 20 ] and ma y b e

considered as a rational reconstruction and explanation of the eLP imple-

men tation.

This is not a tutorial on � Prolog (w e presen t no � Prolog programs at

all), but for someone familiar with ML this should serv e as a high-lev el op-

erational seman tics of a v arian t of the � Prolog language. Prior kno wledge

of ML is assumed, but not at a v ery deep or sophisticated lev el (see [15 ] for

an SML tutorial). W e try to emphasize programming tec hniques as w ell as

the gradual dev elopmen t of the in terpreter in its full generalit y from a v ery

simple starting p oin t. F or someone considering exp erimen tation with v aria-

tions on logic programming languages, this c hapter should pro vide enough

detail and tec hniques for the rapid implemen tation of a mo di�ed in terpreter

of related languages. Our approac h is to write a true in terpreter, and not

to em b ed Prolog in ML the w a y Prolog is em b edded in Sc heme in [9 ] and

[17 ]. The primary di�erence is that w e separate carefully the name space

of predicates of the logic programming language from the name space of

functions in ML.

W e do not address the use of the SML mo dule system, nor do w e discuss

a n um b er of features of � Prolog suc h as its mo dule system, input/output,
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and other built-in sp ecial predicates. Also omitted are the fron t end of

the in terpreter (parsing, unparsing, t yp e inference) and, due to space con-

strain ts, w e limit ourselv es to a sk etc h of higher-order uni�cation. W e hop e

to write a companion pap er whic h concen trates primarily on a dev elopmen t

of higher-order uni�cation and t yp e reconstruction within the framew ork

laid out in this c hapter.

One migh t also miss a discussion of compilation, whic h is not v ery w ell

understo o d in this con text and is the sub ject of curren t researc h [24 ].

W e b egin with an in terpreter for prop ositional Horn logic, whic h in tro-

duces the cen tral tec hnique of the success con tin uation, due to Carlsson [2 ].

W e then mo v e on to �rst-order Horn logic, whic h is v ery m uc h in the tra-

dition of Prolog. In Section 4 w e generalize this to include em b edded im-

plication and univ ersal quan ti�cation (see [1 , 11 , 21 ] for the motiv ation for

these constructs) whic h complicates primarily uni�cation. In Section 5 w e

in tro duce side-e�ects and assignmen t in a con trolled w a y to increase the ef-

�ciency of uni�cation. This is re�ned in the next section where w e address

non-logical con trol constructs suc h as if-then-else and cut and in tro duce the

trail. Section 7 sk etc hes a more e�cien t clausal represen tation of programs

whic h hitherto w ere simply form ulas and hin ts at indexing. In Section 8 w e

generalize the underlying language of terms from �rst-order terms to t yp ed

� -terms, at whic h p oin t uni�cation no longer generates most general uni-

�ers and constrain ts en ter the in terpreter. Finally w e discuss ho w to mak e

the transition from terms to goals to allo w true higher-order logic program-

ming. Throughout this c hapter w e remark on the di�erences b et w een the

in terpreter dev elop ed here and our Common Lisp implemen tation.

2 Prop ositional Horn Logic

W e b egin the dev elopmen t with a v ery simple prop ositional logic amenable

to an in terpretation as a programming language: prop ositional Horn logic.

Our presen tation is non-standard in that w e do not require the form ulas to

b e in clausal form : throughout our dev elopmen t w e view this as a normal

form, whic h m ust b e justi�ed b y an appropriate metatheorem. A more

e�cien t clausal represen tation for form ulas will b e in tro duced in Section 7.
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2.1 The Language of Goals and Programs

The de�nition of prop ositional Horn logic is b y induction in the form of

a BNF grammar. G denotes the legal go al form ulas (whic h are also the

legal queries) and D the legal pr o gr am form ulas.

1

W e sometimes refer to

these classes as D-form ulas and G-form ulas, resp ectiv ely , and collectiv ely as

formulas .

G ::= A j > j G

1

^ G

2

j G

1

_ G

2

D ::= A j > j D

1

^ D

2

j G ! D

The letter A generally stands for atomic form ulas; here this means prop o-

sitional constan ts, > stands for truth, ^ stands for conjunction, _ for dis-

junction, and ! for implication. In logic programming it is often more

conspicuous to use  , where D  G can b e read as \ D if G " and is a

purely notational v arian t of G ! D .

The follo wing �gure sho ws ho w this w ould b e translated in to a datatype

de�nition in SML (commen ts are enclosed in (* *) ).

datatype gform = (* Goal formula *)

Gtrue (* Truth *)

| Gand of gform * gform (* Conjunction *)

| Gor of gform * gform (* Disjunction *)

| Gatom of string (* Atomic G formula *)

and dform = (* Program formula *)

Dtrue (* Truth *)

| Dand of dform * dform (* Conjunction *)

| Dimplies of gform * dform (* Implication *)

| Datom of string (* Atomic D formula *)

This de�nes c onstructors suc h as Dand , whic h, when applied to t w o D-

form ulas, yields a D-form ula. F or example, the program p ^ ( p ! q ) w ould

b e represen ted as

Dand(Datom("p"),Dimplies (Gat om(" p") ,Dat om(" q") ))

A query , suc h as whether q is true, w ould b e represen ted as

Gatom("q")

1

D is deriv ed from de�nite as in de�nite clauses , though our de�nition is broader.
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2.2 A First In terpreter

The next step is to giv e goals and programs an op erational in terpretation.

F or this simple logic, this is straigh tforw ard, though the precise de�nition

of \up on bac ktrac king" is deferred to the actual in terpreter in ML. First

comes the reduction of a goal to its subgoals, then the analysis of whether

an atomic goal follo ws from the program.

1. Giv en goal > , succeed.

2. Giv en goal G

1

^ G

2

, attempt to solv e G

1

and, if it succeeds, attempt

to solv e G

2

.

3. Giv en goal G

1

_ G

2

, attempt to solv e G

1

. If this succeeds, succeed. If

this fails, attempt to solv e G

2

.

4. Giv en an atomic goal A , lo ok through the program for w a ys to establish

A follo wing the con trol structure b elo w.

If w e assumed the program to b e in clausal form, w e w ould en umerate the

clauses of the form A  G and attempt to solv e G for eac h suc h clause. It is

easy to see that the follo wing program analysis will b eha v e this w a y on the

sp ecial case of clausal form programs. W e assume w e are giv en a program

D , and atomic goal A . W e also ha v e an \accum ulated subgoal" whic h is

initialized to > .

1. D = D

1

^ D

2

. A ttempt to infer A from D

1

. If this fails, attempt to

infer A from D

2

.

2. D = G ! D

1

. A ttempt to infer A from D

1

, but conjoin G to the

subgoal that remains to b e solv ed.

3. D = A . A ttempt to solv e the accum ulated subgoal.

4. D = B for atomic B distinct from A . In this case D is not helpful in

the attempt to deriv e A and w e bac ktrac k.

Th us our program consists of t w o m utually recursiv e functions. solve

analyzes a comp osite goal, and match_atom analyzes the program with re-

sp ect to an atomic goal. The fundamen tal idea of the form ulation as a

functional program is that of a suc c ess c ontinuation due to Carlsson [2 ].

The ob vious argumen ts to solve are the curren t goal and program. The
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non-ob vious argumen t is the success-con tin uation sc . sc is a function (of

no argumen ts) that is to b e called when the curren t goal succeeds. Bac k-

trac king is ac hiev ed simply b y returning from the curren t function with an

unin teresting v alue (w e ha v e c hosen () : unit ). The function match_atom

calls a lo cal recursiv e function rec_match , whic h accum ulates subgoals as

outlined ab o v e.

fun solve (Gtrue) prog sc = sc ()

| solve (Gand(g1,g2)) prog sc =

solve g1 prog (fn () => solve g2 prog sc)

| solve (Gor(g1,g2)) prog sc =

( solve g1 prog sc ; solve g2 prog sc )

| solve (Gatom(goal_const)) prog sc =

match_atom goal_const prog sc

and match_atom goal_const prog sc =

let fun rec_match (Dtrue) subgoal = ()

| rec_match (Dand(d1,d2)) subgoal =

( rec_match d1 subgoal ; rec_match d2 subgoal )

| rec_match (Dimplies(g,d)) subgoal =

rec_match d (Gand(subgoal,g))

| rec_match (Datom(prog_const)) subgoal =

if prog_const = goal_const

then solve subgoal prog sc

else ()

in rec_match prog (Gtrue) end

Let us insp ect this compact program line-b y-line.

1. If the curren t goal is > , w e succeed b y in v oking the success con tin ua-

tion.

2. If the curren t goal is G

1

^ G

2

, w e attempt to solv e G

1

, but also build a

success con tin uation that will ev en tually solv e G

2

, whic h is necessary

in order for the conjunction to succeed. (fn () => ...) is the SML

w a y of constructing a function of no argumen ts.

3. If the curren t goal is G

1

_ G

2

, w e attempt to solv e G

1

with the same

success con tin uation. If this should fail and th us return, w e attempt

to solv e G

2

. Semicolon is the SML sequencing op erator. Note that
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in a purely functional setting without an y side-e�ects, it w ould mak e

no sense to try the left and righ t subgoals in succession: if solving

the left subgoal succeeds, it m ust pro duce some record of this. In

the framew ork of success con tin uations, this is ac hiev ed through the

initial suc c ess c ontinuation , whic h could b e a function suc h as (fn ()

=> print "Goal succeeded!") (see Section 2.3).

4. If the curren t goal is atomic w e lo ok through the program to �nd

D-form ulas that migh t help us pro v e the goal.

Next w e consider the program analysis. W e call rec_match with a cur-

ren t subgoal Gtrue , whic h will alw a ys succeed and the whole program prog

as the curren t D-form ula. Here are the cases for rec_match .

1. If the program is > , an y atomic goal (whic h excludes > ) will fail. W e

return to indicate failure.

2. If the program is a conjunction w e attempt to use the left conjunct

and then the righ t conjunct to deriv e the atomic goal. This is dual to

the case of a disjunctiv e goal.

3. If the program is an implication G ! D , w e conjoin G on to the sub-

goal that w ould ha v e to b e solv ed if D matc hed the atomic goal, and

con tin ue b y attempting to use D to deriv e the atomic goal.

4. If the program is atomic and equal to the atomic goal, w e attempt to

solv e the accum ulated subgoal, otherwise w e bac ktrac k b y returning.

There are some ob vious ine�ciencies in this con trol structure. Some of

these will b e addressed in later sections.

2.3 The Initial Success Con tin uation

F rom the exp osition ab o v e w e can see that

val solve : gform -> dform -> (unit -> unit) -> unit}

and solve goal prog sc ma y b e read as \solv e goal in program prog and

call sc if successful, otherwise return." This is not quite accurate, since if sc

r eturns , it will b e called again for ev ery w a y of pro ving goal the in terpreter

can �nd.
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F or example, let val psc = (fn () => print "Success! ") . Then

solve p ( p ^ p ) psc will prin t Success! t wice. On the other hand, due

to the incompleteness of depth-�rst searc h, solve p (( p ! p ) ^ p ) psc will

get in to an in�nite lo op, while solve p ( p ^ ( p ! p )) psc will prin t an

in�nite stream of Success! 's.

A t �rst this migh t seem lik e a serious limitation of this implemen tation

tec hnique. Ho w ev er, using exceptions w e can prev en t the initial success

con tin uation from returning. F or example, the follo wing top-lev el in terface

w ould stop after the �rst solution is found.

fun one_solve goal prog =

let exception Success

in ( solve goal prog (fn () => raise Success) ;

print "no " )

handle Success => print "yes "

end

It is also easy to add a query of the user that c hec ks if more solutions

are desired or not. The eLP implemen tation [8 ] pla ys ev en more tric ks with

the initial success con tin uation: it presen ts the �rst solution, but then w orks

ahead without w aiting for instructions as to whether additional solutions are

required. If an externally visible side-e�ect is just ab out to b e executed, it

susp ends. This has the adv an tage that w e can often return to the top-lev el

without user input if the query has only one solution.

3 First-Order Horn Logic

The in terpreter from the previous section can b e generalized and impro v ed

in sev eral di�eren t directions. Before w e in tro duce some impro v emen ts, w e

con tin ue with a few generalizations. The most imp ortan t and ob vious step

is that from a prop ositional to a �rst-order logic. This requires the in tro-

duction of uni�c ation and substitution . In terestingly , the basic structure of

the in terpreter sta ys in tact: success con tin uations can b e generalized to deal

with uni�cation and substitutions. This �rst v ersion of an in terpreter for

�rst-order Horn logic requires no side-e�ects except for the presen tation of

solutions.

The de�nition of �rst-order Horn logic is again somewhat non-standard

in that w e do not require a clausal form.
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G ::= A j > j G

1

^ G

2

j G

1

_ G

2

j 9 x G

D ::= A j > j D

1

^ D

2

j G ! D j 8 x D

W e add t w o new cases for the quan ti�ers to the datat yp es gform and

dform , but w e also ha v e to c hange the de�nition of atomic form ulas, since

they no w ma y consist of a predicate constan t applied to a n um b er of terms

built from constan ts, function constan ts, and v ariables. P artly for reasons of

simplicit y and partly in preparation for a higher-order language, w e do not

distinguish b et w een constan ts, function constan ts, and predicate constan ts.

Th us atomic form ulas are considered to b e terms, whic h also means that not

ev ery gform or dform represen ts a w ell-formed form ula of �rst-order Horn

logic. Ho w ev er, this prop ert y can b e c hec k ed statically and w e th us consider

it a problem for an appropriate fron t-end for our in terpreter that is b ey ond

the scop e of this c hapter. Before w e go in to detail in the represen tation of

terms, here is the c hanged de�nition of form ulas.

datatype gform = (* Goal formula *)

Gtrue (* Truth *)

| Gand of gform * gform (* Conjunction *)

| Gor of gform * gform (* Disjunction *)

| Gatom of term (* Atomic G formula *)

| Gexists of varbind * gform (* Existential *)

and dform = (* Program formula *)

Dtrue (* Truth *)

| Dand of dform * dform (* Conjunction *)

| Dimplies of gform * dform (* Implication *)

| Datom of term (* Atomic D formula *)

| Dall of varbind * dform (* Universal *)

3.1 T erms and Substitution

Our inductiv e de�nition of terms has three base cases: Bvar for b ound vari-

ables , Evar for lo gic variables ,

2

and Const for constan ts, including predicate

and function constan ts. These v ariables and constan ts can b e com bined via

2

The name is deriv ed from existential variables , since logic v ariables ma y b e view ed as

v ariables that are existen tially quan ti�ed in the meta-theory .
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applic ation using the Appl constructor, giving the represen tation the 
a v or

of a currie d form , whic h will aid us in the transition to the higher-order

language later on, but also leads to more compact co de here.

datatype term =

Bvar of string (* Bound Variables *)

| Evar of string * int (* Logic Variables , Stamped *)

| Const of string (* Constants *)

| Appl of term * term (* Applications *)

and varbind = Varbind of string (* Variable binders *)

Varbind 's are used to bind v ariables at quan ti�ers, but seem to b elong to

the term language rather than the form ula language are th us implemen ted

as a separate t yp e rather than merely b y strings. Later, in Section 8 a

Varbind will also con tain the b ound v ariable's t yp e.

Under this represen tation the Prolog clause app end ( nil ; K ; K ) has an

explicit quan ti�er on K and is represen ted as

3

Dall(Varbind("K"),

Datom(Appl(Appl(Appl(Co nst( "app end "),C onst ("n il") ),Bv ar( "K") ),Bv ar( "K") )))

Logic v ariables m ust b e generated man y times in suc h a w a y as not to

con
ict with previous logic v ariables of the same name. F or example, ev ery

time a clause in Prolog is used, its free v ariables m ust b e instan tiated with

fresh logic v ariables. In our setting, the quan ti�cation on the v ariables is

explicit, since this approac h lends itself more easily to later generalizations.

Nonetheless, w e m ust b e able to generate new unique logic v ariables when

instan tiating univ ersally quan ti�ed D-form ulas (programs). W e do this b y

attac hing to eac h logic v ariable an in teger stamp whic h mak es it unique. W e

use the function new_evar to generate new logic v ariables from giv en v ariable

names. In order to prop erly explain substitution and later uni�cation, w e

will need to in tro duce some terminology . W e sa y an o ccurrence of a Bvar

is lo ose in a term or form ula if it is not in the scop e of a binding op erator

binding the same name. W e sa y a term or form ula is tight if it con tains no

lo ose Bvar 's, and it is close d if it is tigh t and also con tains no Evar 's. Here

are the t yp es of some of the lo w er-lev el functions implemen ted b elo w.

3

Note that w e use the con v en tional Prolog uncurried notation in the concrete syn tax

of examples for this �rst-order term language.
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val new_evar : varbind -> term

val shadow : varbind -> varbind -> bool

val subst : term -> varbind -> term -> term

shadow determines if one v ariable binding shado ws another and is used

to correctly substitute in form ulas suc h as 8 x ( P ( x ) ^ 8 x Q ( x )). subst s

x t substitutes the tigh t term s for all lo ose o ccurrences of x in t . The

implemen tations are straigh tforw ard as renaming can b e a v oided, since t is

required to con tain no lo ose Bvar 's.

(* Externally invisible counter to create unique variables *)

local val varcount = ref 0

in fun new_evar (Varbind(vname)) =

( varcount := !varcount + 1;

Evar(vname,!varcount) )

end (* local val varcount *)

fun shadow (Varbind(vname1)) (Varbind(vname2)) = (vname1 = vname2)

fun subst s (Varbind(vname)) t =

let fun sb (t as Bvar(bvname)) = if vname = bvname then s else t

| sb (Appl(t1,t2)) = Appl(sb t1,sb t2)

| sb t = t (* Evar , Const *)

in sb t end

There are also functions that substitute in G-form ulas and D-form ulas.

These are m utually recursiv e,

4

but eac h function c hanges only a subset of

the argumen ts in the recursion. The follo wing illustrates a general imple-

men tation tec hnique for suc h a recursion structure.

local fun formsubst t x =

let fun gsb (Gtrue) = Gtrue

| gsb (Gand(g1,g2)) = Gand(gsb g1, gsb g2)

| gsb (Gor(g1,g2)) = Gor(gsb g1, gsb g2)

| gsb (Gexists(y,g)) =

Gexists(y, if shadow x y then g else gsb g)

| gsb (Gatom(s)) = Gatom(subst t vbd s)

4

Actually , in this v ersion D-form ulas ma y not o ccur in G-form ulas, but this will c hange

later on.
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and dsb (Dtrue) = Dtrue

| dsb (Dand(d1,d2)) = Dand(dsb d1, dsb d2)

| dsb (Dimplies(g,d)) = Dimplies(gsb g, dsb d)

| dsb (Datom(s)) = Datom(subst t vbd s)

| dsb (Dall(y,d)) =

Dall(y, if shadow x y then d else dsb d)

in (gsb , dsb) end

in

fun gsubst t x g =

let val (gsb , _ ) = formsubst t x in gsb g end

and dsubst t x d =

let val ( _ , dsb) = formsubst t x in dsb d end

end

3.2 Uni�cation

The basic new data structure w e need is that of a substitution , whic h maps

logic v ariables to terms. First, a section of the signature.

type substitution = (term * term) list

val unify : term -> term -> (substitution -> unit) -> substitution -> unit

The structure of unify is again based on the idea of a success con tin-

uation, except that w e no w need to comm unicate some information to the

success con tin uation, namely the substitution that arises from unifying t w o

terms. Th us unify s t sc subst uni�es s and t under the substitution subst

and applies sc to the resulting new substitution. This means that substi-

tutions arising from uni�cation are nev er explicitly applied, but when an

Evar is encoun tered w e need to see if it has b een instan tiated to a term

b y previous uni�cations. If uni�cation fails, unify simply returns. unify

requires the auxiliary function lookup , whic h returns the substitution term

for a logical v ariable in a substitution, or the tok en NONE , if no suc h term

exists.

5

First, w e sho w a v ersion that implemen ts unsound uni�cation as used in

Prolog. Omitting the o ccurs-c hec k as done here ma y b e justi�ed b y e�ciency

argumen ts, but has the undesirable side-e�ect that X and f ( X ) are uni�able

(where X is the v ariable).

5

The frequen tly used t yp e 'a option is not part of the de�nition of SML but de�ned

as datatype 'a option = NONE | SOME of 'a .
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(* val lookup : term -> substitution -> term option *)

fun lookup (Evar(_,stamp)) subst =

let fun lk nil = NONE

| lk ((Evar(_,tstamp),t)::ta il) =

if stamp = tstamp then SOME(t) else lk tail

in lk subst end

fun unify (s as Evar _) t sc subst = unify_evar s t sc subst

| unify s (t as Evar _) sc subst = unify_evar t s sc subst

| unify (Const(cname1)) (Const(cname2)) sc subst =

if cname1 = cname2 then (sc subst) else ()

| unify (Appl(s1,s2)) (Appl(t1,t2)) sc subst =

unify s1 t1 (fn newsubst => unify s2 t2 sc newsubst) subst

| unify _ _ sc subst = ()

and unify_evar e t sc subst =

case (lookup e subst)

of NONE => sc ((e,t)::subst) (* Instantiate e to t, succeed *)

| SOME(s0) => unify s0 t sc subst (* e is instantiated to s0 *)

Adding the o ccurs-c hec k requires a few auxiliary functions and a mo di-

�cation of the de�nition of unify_evar . The de�nitions of occurs_in and

same_evar are straigh tforw ard and omitted here. The o ccurs-c hec k is only

called once w e kno w that w e are not trying to unify a v ariable with it-

self. The de�nition of unify remains unc hanged and the new de�nition of

unify_evar is

unify_evar e t sc subst =

case (lookup e subst)

of NONE => if same_evar e t subst

then sc subst (* e = e *)

else if occurs_in e t subst

then () (* Occurs check fails *)

else sc ((e,t)::subst) (* Bind e to t *)

| SOME(s0) => unify s0 t sc subst

The ob vious ine�ciency in the structure of this function is that substi-

tutions m ust b e built up, and that it ma y b e v ery costly to con tin ue to

lo ok up p ossible substitutions terms for Evar 's. This can b e corrected using

destructiv e substitutions (see Section 5).
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3.3 The In terpreter

The generalized v ersion of the function solve no w tak es one additional

argumen t (the curren t substitution for Evar 's), and the success con tin uation

also exp ects to b e passed a substitution.

fun solve (Gtrue) prog sc subst = sc subst

| solve (Gand(g1,g2)) prog sc subst =

solve g1 prog (fn newsubst => solve g2 prog sc newsubst) subst

| solve (Gor(g1,g2)) prog sc subst =

( solve g1 prog sc subst ; solve g2 prog sc subst )

| solve (Gatom(t)) prog sc subst =

match_atom t prog sc subst

| solve (Gexists(x,g)) prog sc subst =

solve (gsubst (new_evar x) x g) prog sc subst

and match_atom t prog sc subst =

let fun rec_match (Dtrue) subgoal = ()

| rec_match (Dand(d1,d2)) subgoal =

( rec_match d1 subgoal ; rec_match d2 subgoal )

| rec_match (Dimplies(g,d)) subgoal =

rec_match d (Gand(subgoal,g))

| rec_match (Datom(s)) subgoal =

unify s t (fn newsubst => solve subgoal prog sc newsubst) subst

| rec_match (Dall(x,d)) subgoal =

rec_match (dsubst (new_evar x) d) subgoal

in rec_match prog (Gtrue) end

Again, the question arises ho w w e call this in terpreter at the top-lev el.

The initial success con tin uation will ha v e to b e sligh tly more complicated

than b efore since w e w ould lik e to presen t a substitution for the logic v ari-

ables in the query . T o this end w e ha v e functions

val project_substitution : term list -> substitution -> substitution

val print_substitution : substitution -> unit

project_substitution evars subst tak es a list of Evar 's and determines

their substitution terms in subst . This includes lo oking up of all the logic

v ariables in the substitution terms that w ere instan tiated during the uni�ca-

tion. print_substitution subst just presen ts the substitution in a h uman

13



readable format. F or the sak e of brevit y w e will not sho w the implemen-

tation of these straigh tforw ard functions. It will also b e the resp onsibilit y

of the fron t end to ensure that all free upp ercase iden ti�ers in the original

query are con v erted in to new logic v ariables, and that the �nal substitution

is pro jected on to these v ariables and then prin ted.

4 Hereditary Harrop Logic

W e no w further generalize from the �rst-order Horn logic to allo w hereditary

Harrop form ulas as goals. This means that a goal can b e an implication

(called emb e dde d implic ation ) or a univ ersally quan ti�ed form ula ( emb e dde d

universal quanti�c ation ). F or some general motiv ation for these constructs

refer to [1 , 12 , 11 , 21 , 25 ]. The m utually recursiv e de�nitions of the classes

of goals and programs no w b ecome

G ::= A j > j G

1

^ G

2

j G

1

_ G

2

j 9 x G j D ! G j 8 x G

D ::= A j > j D

1

^ D

2

j G ! D j 8 x D

The de�nition of gform is c hanged b y adding t w o new cases.

| Gimplies of dform * gform (* Embedded Implication *)

| Gall of varbind * gform (* Embedded Universal *)

The op erational in terpretation of these new constructs follo ws the in tu-

itionistic reading of implication and univ ersal quan ti�cation.

� Giv en goal D ! G , assume D in to the program and then attempt to

solv e G . The additional assumption is in e�ect only while solving G .

D is added \to the b eginning" of the program, whic h means that the

most recen tly assumed form ula is considered �rst when w e are trying

to solv e an atomic goal.

� Giv en goal 8 x G , create a new parameter a and attempt to solv e

[ a=x ] G . \New" means that a is not allo w ed to o ccur in the curren t

program or G .

As examples, consider the goals p ! p (whic h clearly succeeds) and

9 x ( P ( x ) ! ( P (1) ^ P (2))), whic h fails (due to the in tuitionistic reading

of 9 ) where the classically equiv alen t ( 8 x P ( x )) ! ( P (1) ^ P (2)) succeeds.

Quan ti�er dep endence no w also b ecomes an issue, as one can see from the

goals 9 x 8 y ( P ( x ) ! P ( y )) (whic h fails) and 8 y 9 x ( P ( x ) ! P ( y )) (whic h

succeeds).

14



4.1 Em b edded Implication

Em b edded implication can b e added trivially to the in terpreter as w e ha v e

dev elop ed it so far, since the program is an explicit parameter to the solve

function. W e just add a new case to the de�nition of solve :

| solve (Gimplies(d,g)) prog sc subst =

solve g (Dand(d,prog)) sc subst

4.2 Em b edded Univ ersal Quan ti�cation

Em b edded univ ersal quan ti�ers require m uc h more p erv asiv e c hanges, since

the dep endence of existen tial and univ ersal quan ti�ers on eac h other no w

m ust b e tak en in to accoun t. In theorem pro v ers this is t ypically addressed b y

a one-time Sk olemization pass during the prepro cessing stage. Here this do es

not seem p ossible (since the logic is essen tially in tuitionistic). Moreo v er, w e

can tak e adv an tage of sp ecial prop erties of hereditary Harrop form ulas to

obtain a more e�cien t implemen tation.

First of all, w e need to up date the de�nition of the datat yp e of term to

include the case that the term is a p ar ameter . In our implemen tation w e

call these parameters Uvar 's, thinking of them as univ ersally quan ti�ed at

the meta-lev el. Note that in uni�cation they act essen tially lik e constan ts,

except for certain quan ti�er dep endence considerations. The w a y w e imple-

men t quan ti�er dep endence is for ev ery Evar to explicitly con tain a list of

parameters on whic h it ma y dep end.

datatype term =

Bvar of string (* Bound Variables *)

| Evar of string * int * term list

(* Logic Variables , Stamped , Depends on *)

| Uvar of string * int (* Parameters , Stamped *)

| Const of string (* Constants *)

| Appl of term * term (* Applications *)

and varbind = Varbind of string (* Variable binders *)

Consider, for example, the goal 8 x 9 y G . First w e in tro duce a new

parameter a for x and solv e 9 y [ a=x ] G . Then w e in tro duce a new logic

v ariable Y and solv e G

00

= [ Y =y ][ a=x ] G . W e are free to instan tiate Y with

terms whic h con tain a , that is, Y ma y dep end on a . If, on the other hand,
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our goal is 9 y 8 x G , w e �rst in tro duce a logic v ariable Y for y and then a

parameter a for x . Note that here Y ma y not con tain o ccurrences of a !

In the in terpreter this is implemen ted b y adding a new argumen t to

solve , namely the list of parameters ( Uvar 's) whic h ha v e b een in tro duced

so far and th us ma y o ccur in the substitution term for an y logic v ariable

( Evar ) whic h is in tro duced subsequen tly . There are some additional minor

in terface c hanges. F or example, the function new_evar m ust no w b e passed

the list of Uvar 's on whic h the new Evar is allo w ed to dep end on. Since the

new parameter is passed along unc hanged in all cases except the em b edded

univ ersal quan ti�er, w e only sho w this case in solve .

| solve (Gall(x,g)) prog uvars sc subst =

let val a = new_uvar x

in solve (gsubst a x g) prog (a::uvars) sc subst end

There are some further b o okk eeping c hanges (for example, in substitu-

tion), but the crucial c hange no w is in the uni�er. More sp eci�cally , w e ha v e

to extend the o ccurs-c hec k to accoun t for dep endency . When the prosp ec-

tiv e substitution term t con tains a Uvar on whic h the Evar s is not allo w ed

to dep end, w e ha v e to fail. Ho w ev er, this is not quite su�cien t. Consider

the problem of unifying X with f ( Y ), where X and Y are logic v ariables,

and X is allo w ed to dep end only on parameter a , but Y is allo w ed to de-

p end on parameters a and b . If w e merely bind X to f ( Y ), Y migh t later b e

instan tiated to a term con taining b , th us un wittingly violating the condition

that the substitution term for X not dep end on b . Th us w e also need to

restrict further instan tiations of Y not to dep end on b .

In general, all Evar 's Y em b edded in a substitution term for an Evar X

can dep end only on the in tersection of the parameters legal for X and Y .

This is implemen ted b y instan tiating Y with a new Evar Y

0

whose Uvar list

is th us restricted. W e don't need to implemen t this in full generalit y due

to a metatheorem: when w e ha v e to consider the lists of Uvar 's from t w o

Evar 's during the execution of a logic program one of the lists will b e an

initial segmen t of the other.

6

Rather than using t w o passes, w e com bine the o ccurs-c hec k with the

restriction of Evar 's. Since restriction of Evar 's is an instan tiation pro cess,

the extended o ccurs-c hec k ma y need to c hange the substitution and th us is

programmed using success con tin uations, just as unify itself.

6

This also giv es rise to the ev en more e�cien t implemen tation used in eLP , where whole

lists of parameters are represen ted b y their upp er b ound (a single in teger).
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fun init_seg uvars1 uvars2 = length uvars1 <= length uvars2

fun extended_occurs_check (Evar(_,stamp1,uvars1)) t sc subst =

let fun eoc (e as Evar(x,stamp2,uvars2)) sc subst =

(case (lookup e subst)

of NONE => if (stamp1 = stamp2)

then () (* fail *)

else if init_seg uvars2 uvars1

then sc subst

else sc ((e,new_evar (Varbind(x)) uvars1)

::subst)

| SOME t0 => eoc t0 sc subst)

| eoc (Appl(t1,t2)) sc subst =

eoc t1 (fn newsubst => eoc t2 sc newsubst) subst

| eoc (Uvar(_,stamp2)) sc subst =

if exists (fn (Uvar(_,stamp1)) => stamp1 = stamp2

| s => raise subtype("eoc",s,"is not a Uvar"))

uvars1

then sc subst

else ()

| eoc _ sc subst = sc subst

in eoc t sc subst end

| extended_occurs_check s _ _ _ =

raise subtype("extended_occur s_ch eck" ,s, "is not an Evar")

One more detail here is the use of a function subtype whic h generates

an exception from a function name, term, and error message. The in ten t is

that these exceptions signal an in ternal error, called subtype , b ecause b eing

a term, but not an Evar or Uvar constitutes a form of subt yp e violation

(though subt yp es are not supp orted in SML).

The extended o ccurs-c hec k is called from unify_evar . The only subtlet y

here is p erhaps that w e ha v e to p ostp one the substitution un til the extended

o ccurs-c hec k has succeeded. Note also that w e ha v e to previously c hec k

if w e are unifying an Evar with itself and succeed without c hanging the

substitution|otherwise the o ccurs-c hec k w ould fail for this case.

and unify_evar e t sc subst =

case (lookup e subst)

of NONE => if same_evar e t subst
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then sc subst

else extended_occurs_check e t

(fn newsubst => sc ((e,t)::newsubst))

subst

| SOME s0 => unify s0 t sc subst

5 Destructiv e Substitution

Of the co de presen ted so far, the t w o most imp ortan t optimizations will

b e (a) in tro duction of destructiv e substitution in order to a v oid rep eated

lo okup of the substitution terms for logic v ariables, and (b) the con v ersion

of the program in to clausal form in order to ha v e ready access to the part

of the program relev an t to a particular predicate sym b ol. In this section w e

will deal with the �rst issue.

Up to no w w e w ere using almost exclusiv ely purely functional co de. De-

structiv e substitutions will violate this principle, but in a relativ ely disci-

plined w a y . This means that whenev er the uni�cation algorithm instan tiates

a logic v ariable to a term it has to mak e pro visions to undo this instan tia-

tion up on bac ktrac king. Since bac ktrac king is indicated simply b y returning

rather than calling the success con tin uation, this is easy to implemen t.

7

Before plunging in to the co de, a brief w ord ab out assignmen t in SML.

T raditionally in imp erativ e languages w e assign to v ariables. In SML, w e

assign to r efer enc es . References are distinguished b y their t yp e (whic h will

b e 'a ref for some t yp e 'a ) and are created b y applications of the func-

tion ref to a v alue. ref is also a constructor so that w e can access the

v alue stored in a lo cation using matc h expressions as for usual function def-

initions. Th us the dereferencing op eration ! can b e de�ned explicitly as

fun ! (ref v) = v .

In order to implemen t the idea of destructiv e substitutions, w e giv e

Evar 's an additional slot that could either hold the term to whic h the Evar

w as instan tiated, or a tok en indicating that the Evar is not instan tiated.

W e m ust b e able to assign to this slot, and it will th us b e a reference to an

optional term. Here is the up dated de�nition of the datat yp e of terms.

datatype term =

7

In Section 6 w e will b e forced to abandon this assumption, and will th us require a

more sophisticated implemen tation of instan tiation and uninstan tiation of v ariables.
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Bvar of string (* Bound Variables *)

| Evar of string * int * term list * (term option) ref

(* Logic Variables , Stamped , Depends on , Inst'd to *)

| Uvar of string * int (* Parameters , Stamped *)

| Const of string (* Constants *)

| Appl of term * term (* Applications *)

When a new Evar is created, it is uninstan tiated and th us con tains a

reference to NONE . No w most op erations will ha v e to der efer enc e Evar 's if

they are instan tiated to a term. This is illustrated, for example, in the

second clause in the de�nition of unify_evar b elo w.

8

The most profound c hanges in unify are that (a) it no longer requires

a substitution as an argumen t since it instan tiates v ariables destructiv ely ,

and (b) it needs to tak e action to uninstan tiate v ariables up on failure of

the success con tin uation. Instan tiation is accomplished b y an assignmen t

to the reference in the v alue slot of an Evar , uninstan tiation assigns NONE .

The instan tiation is p erformed when the extended o ccurs-c hec k succeeds and

th us is passed in the success con tin uation to extended_occurs_check . The

function for the extended o ccurs-c hec k m ust also b e c hanged in an analogous

fashion.

fun unify (s as Evar _) t sc = unify_evar s t sc

| unify s (t as Evar _) sc = unify_evar t s sc

| unify (Const(cname1)) (Const(cname2)) sc =

if cname1 = cname2 then sc () else ()

| unify (Uvar(_,stamp1)) (Uvar(_,stamp2)) sc subst =

if stamp1 = stamp2 then (sc subst) else ()

| unify (Appl(s1,s2)) (Appl(t1,t2)) sc =

unify s1 t1 (fn () => unify s2 t2 sc)

| unify _ _ sc = ()

and unify_evar (e as Evar(_,_,_,(vslot as (ref NONE)))) t sc =

if same_evar e t

then sc ()

else extended_occurs_check e t

(fn () => ( vslot := SOME t ; sc () ; vslot := NONE ; () ))

8

An imp ortan t optimization arises from the in v arian t that an Evar is nev er instan tiated

to a term with a lo ose Bvar : In the op eration of substituting for a Bvar in a term, if the

term is an instan tiated Evar , w e can simply return it without dereferencing and further

tra v ersal.
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| unify_evar (Evar(_,_,_,ref (SOME s0))) t sc = unify s0 t sc

| unify_evar s _ _ = raise subtype("unify_evar",s,"is not an Evar")

The de�nition of G-form ulas and D-form ulas and the functions for sub-

stituting in to form ulas do es not c hange from the previous section. The

in terpreter undergo es only a v ery minor c hange: since explicit substitutions

are no longer required, solve and the success con tin uation b oth require one

argumen t less than b efore.

6 Con trol Primitiv es and T railing

So far, the only mec hanism a v ailable for searc h con trol in our logic program-

ming language has b een clause ordering. There are man y programs where

this is insu�cien t and there are a n um b er of w a ys one can address this de-

�ciency . The most common construct is cut ( ! , in concrete Prolog syn tax),

though w e will discuss this only brie
y in Section 6.2. Our fo cus will b e on

what is commonly called if-then-else and written as G1 -> G2 | G3 . In

our abstract syn tax w e ha v e a corresp onding guard constructor. guard is

general enough to allo w a direct de�nition of the constructs once and not

in a higher-order language (see Section 9), and most programs using cut can

easily b e transformed in to programs using guard . W e sho w that the guard

con trol primitiv e can b e implemen ted using SML exceptions without dis-

turbing the general structure and organization of the in terpreter. Ho w ev er,

the use of exceptions relies on a non-lo cal exit from a success con tin uation,

whic h requires a di�eren t implemen tation of the uninstan tiation of v ariables

on bac ktrac king. This alternativ e implemen tation tec hnique for bac ktrac k-

ing is referred to as tr ailing .

6.1 The guard Con trol Construct

The op erational reading of G

1

! G

2

j G

3

(not to b e confused with implica-

tion) is

� Solv e the guard G

1

. If this succeeds, solv e G

2

(with the new substi-

tution). On bac ktrac king, do not reconsider the c hoices made while

solving G

1

, but simply fail the o v erall goal G

1

! G

2

j G

3

.

� If solving G

1

fails, solv e G

3

and fail the o v erall goal G

1

! G

2

j G

3

on

bac ktrac king.
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In the in terpreter, w e �rst augmen t the de�nition of the gform data

t yp e and mo dify the substitution function to include the ob vious additional

case. A �rst, as it turns out, incorrect attempt at the additional case for

the in terpreter (from Section 5) w ould b e

| solve (Guard(g1,g2,g3)) prog sc =

let exception Guard_success in

( solve g1 prog (fn () => raise Guard_success) ;

solve g3 prog sc )

handle Guard_success => solve g2 prog sc

end

If w e succeed in solving the guard g1 , raising the exception Guard_success

will transfer con trol bac k to the handler for the exception, b ypassing all the

c hoice p oin ts, and then solv e g2 . Choice p oin ts are established, for example,

when solving a disjunction, or when descending through a conjunction when

analyzing the program in match_atom . One can no w see what is wrong

with this attempt: the co de in the uni�er whic h uninstan tiates v ariables on

bac ktrac king (the assignmen t of NONE b elo w)

extended_occurs_check e t

(fn () => ( vslot := SOME t ; sc () ; vslot := NONE ; () ))

will not b e executed when solving g2 ev en tually bac ktrac ks, b ecause the call

sc () exited with an exception, b ypassing the second assignmen t.

The solution to this problem is mo v e the resp onsibilit y for uninstan ti-

ating v ariables from the uni�er to the c hoice p oin ts. Th us, in the case of a

goal G

1

_ G

2

, for example, w e ha v e to k eep trac k of all the v ariables whic h

ma y ha v e b een instan tiated during an attempt to solv e G

1

and uninstan tiate

them b efore attempting to solv e G

2

. Keeping trac k of these v ariables is the

purp ose of the tr ail .

A SML v ariable global_trail con tains a reference to a trail. When a

v ariable is instan tiated, it is added to the trail (whic h is accessed as a stac k).

A t a c hoice p oin t, when the �rst alternativ e bac ktrac ks, w e uninstan tiate all

v ariables whic h ha v e b een pushed on to the trail and sim ultaneously un wind

the trail (that is, p op the stac k). This is bundled up in to a few functions and

the datat yp e trail . The function trail is used b y the in terpreter at c hoice

p oin ts: it remem b ers the global stac k, ev aluates its argumen t (b y applying it

to the unit elemen t) and then uninstan tiates all the \new" v ariables it �nds
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on the stac k. The function instantiate_evar is used b y the uni�er in order

to instan tiate logic v ariables and sim ultaneously push them on to the trail.

The v ariable global_trail is lo cal to a con text with these functions, whic h

guaran tees that no other functions can obtain access to it and c hange the

v alue of the lo cation it refers to. In order to b e able to prop erly un wind the

trail, w e m ust ha v e a reference (= p oin ter) to a trail whic h w e can compare

with the result of un winding it. Since the only w a y to compare for p oin ter

equalit y is b y comparing references, the tail of a trail m ust b e implemen ted

as a reference to a trail ev en though is nev er mo di�ed.

datatype trail =

consTrail of term * (trail ref)

| nilTrail

local val global_trail = ref (ref nilTrail)

in

fun unwind_trail shorter_trail longer_trail =

if longer_trail = shorter_trail

then (global_trail := shorter_trail; ())

else (case !longer_trail of

(consTrail (Evar(_,_,_,vslot),rest_tr ail )) =>

(vslot := NONE; unwind_trail shorter_trail rest_trail)

| _ => raise Subtype("unwind_trail: Ill-formed trail."))

fun trail func =

let val old_trail = !global_trail in

( func () ; unwind_trail old_trail (!global_trail) ; () )

end

fun instantiate_evar (s as Evar(_,_,_,vslot)) t =

( vslot := SOME t;

global_trail := ref (consTrail(s,!global_trail )) )

| instantiate_evar s _ = raise subtype("instantiate_evar ",s, "is not an Evar")

end (* local val global_trail *)

The main function of the uni�er do es not c hange, but unify_evar c hanges,

since it no longer has the resp onsibilit y of uninstan tiating v ariables up on

bac ktrac king. Th us the call to the extended o ccurs-c hec k no w lo oks lik e
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extended_occurs_check e t (fn () => ( instantiate_evar e t ; sc () ))

The in terpreter mak es use of the functional trail where it establishes

c hoice p oin ts. This happ ens in exactly three cases: Gor , Guard , Dand . The

argumen t to trail is protected b y a v acuous abstraction in order to prohibit

premature ev aluation|just as success con tin uations.

fun solve (Gtrue) prog uvars sc = sc ()

| solve (Gand(g1,g2)) prog uvars sc =

solve g1 prog uvars (fn () => solve g2 prog uvars sc)

| solve (Gor(g1,g2)) prog uvars sc =

( trail (fn () => solve g1 prog uvars sc) ;

solve g2 prog uvars sc )

| solve (Gatom(t)) prog uvars sc =

match_atom t prog uvars sc

| solve (Gexists(x,g)) prog uvars sc =

solve (gsubst (new_evar x uvars) x g) prog uvars sc

| solve (Gimplies(d,g)) prog uvars sc =

solve g (Dand(d,prog)) uvars sc

| solve (Gall(x,g)) prog uvars sc =

let val a = new_uvar x

in solve (gsubst a x g) prog (a::uvars) sc end

| solve (Guard(g1,g2,g3)) prog uvars sc =

let exception Guard_success

in ( trail (fn () => solve g1 prog uvars (fn () => raise Guard_success)) ;

solve g3 prog uvars sc )

handle Guard_success => solve g2 prog uvars sc

end

and match_atom t prog uvars sc =

let fun rec_match (Dtrue) subgoal = ()

| rec_match (Dand(d1,d2)) subgoal =

( trail (fn () => rec_match d1 subgoal) ;

rec_match d2 subgoal )

| rec_match (Dimplies(g,d)) subgoal =

rec_match d (Gand(subgoal,g))

| rec_match (Datom(s)) subgoal =

unify s t (fn () => solve subgoal prog uvars sc)

| rec_match (Dall(x,d)) subgoal =

rec_match (dsubst (new_evar x uvars) x d) subgoal
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in rec_match prog (Gtrue) end

6.2 Cut

Instead of the guard construct, w e can use cut (written as ! ) as a non-logical

con trol primitiv e. The op erational reading of cut is

� When encoun tering cut as a goal, succeed. When the in terpreter bac k-

trac ks to this p oin t, do not simply bac ktrac k further, but jump past all

the c hoice p oin ts whic h ha v e b een created since the immediate atomic

sup ergoal of the cut.

The reference to the \immediate atomic sup ergoal" requires the addition of

another argumen t to solve and match_atom . This additional argumen t is

an exception whic h, when raised, will transfer con trol bac k to the immediate

atomic sup ergoal. This additional argumen t ctag is merely passed along in

most cases in the in terpreter, so w e sho w only the critical c hanges to the

previous incarnation of solve .

fun solve (Gatom(t)) prog uvars ctag sc =

let exception new_ctag

in (match_atom t prog uvars new_ctag sc)

handle new_ctag => ()

end

| solve (Gcut) prog uvars ctag sc =

( sc () ; raise ctag )

...

and match_atom t prog uvars ctag sc =

let fun rec_match (Datom(s)) subgoal =

unify s t (fn () => solve subgoal prog uvars ctag sc)

...

in rec_match prog (Gtrue) end

In addition to the initial success con tin uation (see Section 2.3) w e no w

also need to create an initial exception to pass to solve . This is easily

accomplished b y

fun top_solve goal free_vars prog =
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let exception top_ctag

in (trail (fn () => solve goal prog nil top_ctag

(fn () => print_substitution free_vars)))

handle top_ctag => ()

end

where free_vars is the list of v ariables ( Evar 's) free in goal . T railing is

necessary so that top_solve do es not ha v e a side-e�ect on the v ariables

among free_vars whic h are instan tiated during the call to solve . No w

w e can also see ho w a Prolog-lik e top-lev el can b e implemen ted: the initial

success con tin uation could presen t the substitution and then require user

input. If the user t yp es a semi-colon \ ; " it returns, and otherwise is raises

the exception top_ctag .

7 Clausal F orm

One of the problems with the in terpreter so far is the ine�ciency of the

program analysis. W e w ould lik e to restrict the searc h for p oten tially appli-

cable assumptions as m uc h as p ossible. Here, the clausal form theorem for

Horn logic (and hereditary Harrop logic) is helpful: an y legal D-form ula is

equiv alen t to one in clausal form . The clausal form is de�ned b y

D ::= > j C j C ^ D

C ::= G ! A j 8 x C

where C is a clause, A (referred to as the clause he ad ) stands for an atomic

form ula, and G (referred to as the clause b o dy ) stands for a G-form ula as

b efore. A tomic form ulas ha v e the form P ( t

1

; : : : ; t

n

) for a predicate sym b ol

P and terms t

1

; : : : ; t

n

. W e call P the he ad of A and, more generally , f the

he ad of a term of the form f ( t

1

; : : : ; t

n

), including the cases where n = 0. W e

refer to the head of the clause head of a clause C as the he ad pr e dic ate of C .

Giv en an atomic goal A with head P , the in terpreter, that is, match_atom ,

can only succeed in applying a clause if its head predicate is also P .

Th us w e can represen t an arbitrary program as a list of clauses, and store

with eac h clause its head predicate, for direct comparison with the head of

an atomic goal. In a �rst step, the program is searc hed clause b y clause for

one with a matc hing head predicate. A straigh tforw ard optimization that

w e do not discuss here further, stores a list of clauses relev an t to eac h head

predicate in a hash table indexed b y the head predicate. This can b e carried
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ev en further b y \indexing" on the head function sym b ol of one or more of

the predicate argumen ts.

Recall that in our implemen tation atomic form ulas are represen ted b y

terms, since this simpli�es the co de. W e no w add the de�nition of the

datat yp e of clause :

datatype clause = Clause of head * varbind list * term * gform

head is a new t yp e exp orted in the implemen tation of terms: it is the t yp e

of legal heads. Up to and including this section, a head can b e only a

constan t and can b e implemen ted simply as its name. The varbind list

is the list of the univ ersally quan ti�ed v ariables in the clause, term is the

clause head, and gform is the clause b o dy . T ogether with this w e ha v e a

function that con v erts an arbitrary form ula in to clausal form. clausify

carries three accum ulator argumen ts: the b o dy , the univ ersally quan ti�ed

v ariables, and a list of clauses. Th us clausify D (Gtrue) nil nil will

con v ert a D-form ula D in to clausal form.

fun gand_opt (Gtrue,g) = g

| gand_opt (g,Gtrue) = g

| gand_opt (g1,g2) = Gand (g1,g2)

fun clausify Dtrue _ _ rest = rest

| clausify (Dand(d1,d2)) body vars rest =

clausify d1 body vars (clausify d2 body vars rest)

| clausify (Dall(x,d)) body vars rest =

if exists (fn y => shadow x y) vars

then let val (new_x,sb) = rename_sb x

in clausify (dapply_sb sb d) body (new_x::vars) rest end

else clausify d body (x::vars) rest

| clausify (Dimplies(g,d)) body vars rest =

clausify d (gand_opt (body,g)) vars rest

| clausify (Datom(t)) body vars rest =

Clause(head t,vars,t,body) :: rest

The function gand_opt eliminates some Gtrue subgoals. Bound v ariables

ma y ha v e to b e renamed during the con v ersion to clausal form (consider, for

example, the clausal form of 8 x ( P x ! 8 x ( Q x ! R x ))). rename_sb re-

turns the new v ariable name and also a renaming substitution. This notion
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of substitution is di�eren t from the one discussed in Section 3: here w e sub-

stitute for Bvar 's rather than for Evar 's. The new v ersion of match_atom

b elo w tak es a list of clauses, instead of a D-form ula. It uses a function

new_evar_sb , whic h tak es a list of b ound v ariables and returns a substi-

tution that, when applied, substitutes new Evar 's for all the Bvar 's. Note

that the b o dy of a clause is not copied (that is, substituted in to) un til the

uni�cation of the atomic goal with the clause head has succeeded.

match_atom t clauses uvars sc =

let val t_head = head t

fun rec_match nil = ()

| rec_match ((clause as Clause(s_head,vars,s,gb ody) )::r est ) =

if head_equal s_head t_head

then let val nesb = new_evar_sb vars uvars in

( trail (fn () =>

unify (apply_sb nesb s) t (fn () =>

solve (gapply_sb nesb gbody) clauses uvars sc)) ;

rec_match rest )

end

else rec_match rest

in rec_match clauses end

W e could store the head of atoms in the atomic form ula, to a v oid the call

to head . Along similar lines, w e could statically con v ert D-form ulas whic h

app ear on the left-hand sides of em b edded implications in to clauses rather

than con v ert them at assumption time. This is an imp ortan t optimization,

but it requires substitution functions in to the clausal represen tation whic h

w e w ould lik e to a v oid in the presen tation. Th us the case for em b edded

implication in solve lo oks as follo ws:

| solve (Gimplies(d,g)) prog uvars sc =

solve g (clausify d (Gtrue) nil prog) uvars sc

Before, functions suc h as gsubst substituted for a single (b ound) v ariable

in order to ac hiev e clause cop ying. Calls to this are no w replaced with calls

to gapply_sb , whic h ac hiev es the more e�cien t sim ultaneous substitution.

Chec king of v ariable name con
icts is still a v oided, except in a rare case

during con v ersion of programs to clausal form. Changes to the corresp ond-

ing substitution functions on form ulas are straigh tforw ard, though with an
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in teresting t wist. When descending through a quan ti�ed form ula, w e aug-

men t the substitution b y adding a pair substituting the b ound v ariable for

itself. Noting that this still cannot in tro duce \capturing," w e rewrite the

substitution as follo ws.

type sb = (varbind * term) list

exception Loose_Bvar of term

(* val lookup_vbind : string -> sb -> term *)

fun lookup_vbind vname sb =

let fun lk ((Varbind(xname),t)::rest ) =

if vname = xname then t else lk rest

| lk nil = raise Loose_Bvar(Bvar(vname))

in lk sb end

(* val apply_sb : sb -> term -> term *)

fun apply_sb sb s =

let fun asb (Bvar(vname)) = lookup_vbind vname sb

| asb (Appl(s1,s2)) = Appl((asb s1),(asb s2))

| asb t = t (* Evar , Uvar , Const *)

in asb s end

Remem b er that substitution due to uni�cation is done destructiv ely and

not b y the function ab o v e.

8 Higher-order T erms

So far w e ha v e b een w orking with a �rst-order, un t yp ed term language.

W e will no w mak e the transition to a higher-order, t yp ed term language.

This necessitates handling constrain ts in the in terpreter (a simple c hange)

and a ma jor c hange in uni�cation, whic h ma y no w branc h and is no longer

guaran teed to terminate.

8.1 The In terpreter

The mo dules de�ning prop ositions and the in terpreter need to c hange v ery

little. The primary c hange is that w e ha v e to in tro duce c onstr aints , since
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the higher-order uni�cation algorithm generates constrain ts, that is, sets

of equations whic h are kno wn to b e satis�able. Though somewhat more

general through our use of t yp es, implication, and explicit quan ti�cation, our

language no w b ecomes a constrain t logic programming language in the sense

of Ja�ar and Lassez [19 ]. The w a y constrain ts are handled in the in terpreter

is reminiscen t of the w a y w e handled substitutions in Section 3.3 b efore

the in tro duction of destructiv e instan tiation of v ariables: where the success

con tin uation previously exp ected a substitution subst , it no w exp ects a

constrain t con as an argumen t.

fun solve (Gtrue) clauses uvars con sc = sc con

| solve (Gand(g1,g2)) clauses uvars con sc =

solve g1 clauses uvars con (fn newcon => solve g2 clauses uvars newcon sc)

| solve (Gor(g1,g2)) clauses uvars con sc =

( trail (fn () => solve g1 clauses uvars con sc) ;

solve g2 clauses uvars con sc )

| solve (Gatom(M)) clauses uvars con sc =

match_atom M clauses uvars con sc

| solve (Gexists(x,g)) clauses uvars con sc =

solve (gapply_sb (term_sb x (new_evar x uvars)) g) clauses uvars con sc

| solve (Gimplies(d,g)) prog uvars con sc =

solve g (clausify d (Gtrue) nil prog) uvars con sc

| solve (Gall(x,g)) prog uvars con sc =

let val a = new_uvar x

in solve (gapply_sb (term_sb x a) g) prog (a::uvars) con sc end

| solve (Guard(g1,g2,g3)) clauses uvars con sc =

let exception Guard_success of constraint

in ( trail (fn () =>

solve g1 clauses uvars con (fn newcon =>

raise Guard_success(newcon))) ;

solve g3 clauses uvars con sc )

handle Guard_success(newcon) => solve g2 clauses uvars newcon sc

end

and match_atom M clauses uvars con sc =

let val M_head = head M

fun rec_match nil = ()

| rec_match ((clause as Clause(N_head,vars,N,gb ody) )::r est ) =

if head_equal N_head M_head

then let val nesb = new_evar_sb vars uvars
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in ( trail (fn () =>

unify (apply_sb nesb N) M con (fn newcon =>

solve (gapply_sb nesb gbody) clauses

uvars newcon sc)) ;

rec_match rest )

end

else rec_match rest

in rec_match clauses end

8.2 Represen ting Higher-Order T erms

F or con v enience, w e use a single represen tation t yp e term for b oth terms and

t yp es in our calculus. If w e w ere only in terested in implemen ting a logic pro-

gramming language o v er the simply t yp ed � -calculus without p olymorphism

this w ould b e unnecessarily complicated, but w e are in terested in including

dep enden t t yp es (in the form of LF [14 ]) and p olymorphism, at whic h p oin t

it is con v enien t to ha v e to write only one function eac h for substitution and

uni�cation, rather than t w o (one for unifying terms and one for unifying

t yp es, for example). The algorithm w e outline b elo w will b e complete only

for certain fragmen ts of the full calculus, but w e can no w implemen t v arious

sub calculi merely b y c hanging the t yp e c hec king phase and the set of pre-

declared constan ts in the fron t end. This basic approac h, though di�eren t

in v arious details, is tak en in the Calculus of Constructions [4 ]. The repre-

sen tation of terms is p erhaps more direct, but less e�cien t than deBruijn

indices [5 ] whic h are used in eLP and almost all other mo dern implemen ta-

tions of � -calculi whic h require access to the in ternal structure of � -terms.

Nonetheless, w e w ere quite surprised ho w little of the co de dep ends on the

c hoice of the represen tation of b ound v ariables.

datatype term =

Bvar of string (* Bound Variables *)

| Evar of varbind * int * term list * (term option) ref

(* Logic Variables , Stamped , Depends on , Inst'd to *)

| Uvar of varbind * int (* Parameters , Stamped *)

| Const of string (* Constants *)

| Appl of term * term (* Applications *)

| Abst of varbind * term (* Abstractions *)

and varbind = Varbind of string * term (* Variable binders , Type *)
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In the implemen tation of the term language and the t yp e c hec k er, w e

ha v e t w o constan ts type and pi . And, y es, type is a t yp e, though this

could b e a v oided b y in tro ducing univ erses (see [16 ]) without an y c hanges to

the co de of the uni�er. As is customary , w e use A ! B as an abbreviation

for � x : A: B if x do es not o ccur free in B . Also, ho w ev er, � x : A: B is an

abbreviation for the application pi A ( �x : A: B ). In our form ulation, then,

the constan t pi has t yp e � A : type : (( A ! type ) ! type ).

As an example consider a predicate constan t eq of t yp e � A : type : A !

A ! o (where o is the t yp e of form ulas as indicated in Section 9). The

single clause eq A M M : correctly mo dels equalit y , that is, a goal of the form

eq A M N will succeed if M and N are uni�able. The fact that uni�cation

no w has to branc h can b e seen b y considering the goal eq int ( F 1 1 ) 1 whic h

has three solutions for the functional logic v ariable F , namely �x : int : �y :

int : x , �x : int : �y : int : y , and �x : int : �y : int : 1 .

The functions supp orting substitution are extended in the ob vious w a y .

In particular, w e no w ha v e to substitute inside Varbind 's, since they con tain

terms whic h ma y con tain free v ariables. The t yp e of a constan t is accessible

in a signatur e whic h maps names of constan ts to their t yp es, implemen ted,

for example, as a list of pairs of strings and t yp es.

The uni�cation pro cedure w e use is based on the one in [6, 7] for higher-

order uni�cation with dep enden t t yp es, whic h itself is an extension of Huet's

pro cedure for (higher-order) uni�cation in the simply t yp ed � -calculus [18 ].

This pro cedure is most easily understo o d in terms of a collection of \trans-

formations," some on terms, some on pairs of terms b eing uni�ed, and some

on sets of suc h pairs.

With the righ t con trol structure (suc h as iterativ e deep ening) the uni�er

w ould b e complete for the LF fragmen t of our calculus, but logic v ariables

ranging o v er t yp es destro y this completeness. The uni�er detects if there

is a p ossibilit y for incompleteness on a particular execution and can giv e a

w arning in suc h a case, if desired.

8.3 Rewriting

Because w e are using transformations as a fundamen tal structuring device

in the implemen tation of uni�cation, w e adopted a v ery elegan t tec hnique

from P aulson's higher-order implemen tation of rewriting [27 ], whic h itself

w as patterned after the tactics and tacticals in LCF [13 ]. Because w e are not
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w orried ab out ha ving our implemen tation pr ove the correctness of applica-

tions of its transformations, w e can use a somewhat simpler implemen tation

than in [27 ]. The basic kind of ob ject w e deal with w e call a r ewriter , whic h

is simply a p artial function from some t yp e to itself|\partial" b ecause it

ma y fail to apply (whic h is comm unicated b y a raised exception) as w ell as

fail to terminate. Th us w e ha v e simply

type 'a rewriter = 'a -> 'a

The exception Fail ma y b e raised in case a rewriter fails to apply and

tak es string as an argumen t whic h is in tended but not required to giv e some

indication of reason for the failure of the rewriter to apply . Here are the

general rewriting primitiv es w e found useful.

exception Fail of string

fun rew_and rew1 rew2 = rew2 o rew1

fun rew_or rew1 rew2 x = (rew1 x) handle Fail _ => (rew2 x)

fun rew_id x = x

fun rew_try rew = rew_or rew rew_id

fun rew_repeat rew x = rew_try (rew_and rew (rew_repeat rew)) x

(* rew_first: 'a rewriter -> 'a list rewriter *)

fun rew_first rew nil = raise Fail("rew_first")

| rew_first rew (x :: l) = (rew x) :: l

(* rew_rest: 'a list rewriter -> 'a list rewriter *)

fun rew_rest list_rew nil = nil

| rew_rest list_rew (x :: l) = x :: (list_rew l)

8.4 Uni�cation

The basic structure of the uni�er in v olv es main taining a collection of pairs

of terms to b e uni�ed sim ultaneously . T raditionally suc h pairs are called

disagr e ement p airs and suc h a collection is called a disagr e ement set (though

represen ted and used as a list).
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datatype dpair = Dpair of term * term

type dset = dpair list

During uni�cation, w e transform terms, disagreemen t pairs, and dis-

agreemen t sets, as describ ed b elo w. Ho w ev er, b ecause some uni�cation

problems ha v e more than just a single most general uni�er, w e will also

ha v e one branc hing step. This will b e implemen ted using success con tin ua-

tions, th us meshing nicely with the in terpreter.

9

8.4.1 Normalization

One kind of rewriting w e will need to do during uni�cation is \w eak head

normalization" of terms. This just means normalizing enough to deter-

mine the top-lev el structure of the � -normal form of the term.

10

In math-

ematical notation, a w eak head reduction step reduces a term of the form

( �x : A: M ) N

1

: : : N

n

to the term ([ N

1

=x ] M ) N

2

: : : N

n

.

11

Th us the rewriter

b elo w fails, if the giv en term do es not ha v e the form of the left-hand side of

this rewriting rule (mo dulo dereferencing of instan tiated Evar 's).

fun head_reduce_term (Appl(M,N)) =

(let fun hrt (Abst(xofA,M0)) = apply_sb (term_sb xofA N) M0

| hrt (Evar(_,_,_,ref(SOME M0))) = hrt M0

| hrt _ = Appl(head_reduce_term M,N)

in hrt M end)

| head_reduce_term (Evar(_,_,_,ref(SOME M0))) = head_reduce_term M0

| head_reduce_term _ = raise Fail("head_reduce_term")

The con v en tions for naming ML v ariables in the co de for the uni�er are

as follo ws: w e use M and N for terms and A , B , and C for t yp es.

12

F urthermore,

w e use xofA and yofB for Varbind 's (a pair consisting of a v ariable name

and its t yp e) and Gamma for con texts (lists of Varbind 's).

Next, w e raise this from a term rewriter to a disagreemen t pair rewriter

that tries to head reduce the left mem b er of the pair and, if this fails, tries

9

Success con tin uations can b e used for rewriting as w ell, but they do not seem as

appropriate in this con text with only a v ery simple form of nondeterminism (succeed with

the rewritten term or fail).

10

More sp eci�cally , \w eak" here refers to not doing an y normalization inside of abstrac-

tions.

11

Application asso ciates to the left, so with paren theses the redex w ould b e ( : : : (( �x :

A: M ) N

1

) : : : N

n

).

12

\T yp es" are simply terms used in the capacit y of t yp es.
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to reduce the righ t mem b er. The functional rew_dpair do es this kind of

raising:

fun rew_dpair rew =

rew_or (fn (Dpair(M,N)) => Dpair(rew M, N))

(fn (Dpair(M,N)) => Dpair(M, rew N))

val head_reduce_dpair = rew_dpair head_reduce_term

8.4.2 Extensionalit y

The next transformation in v olv es a disagreemen t pair made up of one or t w o

abstraction terms. This can b e justi�ed b y an extensionalit y principle or the

� -rule. F or example, consider unifying �x : A: M and �y : B : N . In this case

w e in tro duce a new parameter a and reduce the problem to unifying [ a=x ] M

and [ a=y ] N . There are t w o similar cases in whic h only one of terms b eing

uni�ed is an abstraction where w e simply form an application.

fun abst_reduce_dpair (Dpair(Evar(_,_,_,ref(SOM E M0)),N)) =

abst_reduce_dpair (Dpair(M0,N))

| abst_reduce_dpair (Dpair(M,Evar(_,_,_,ref(S OME N0)))) =

abst_reduce_dpair (Dpair(M,N0))

| abst_reduce_dpair (Dpair(Abst(xofA,M0), Abst(yofA,N0))) =

let val a = new_uvar xofA

in Dpair(apply_sb (term_sb xofA a) M0,

apply_sb (term_sb yofA a) N0)

end

| abst_reduce_dpair (Dpair(Abst(xofA,M0), N)) =

let val a = new_uvar xofA

in Dpair(apply_sb (term_sb xofA a) M0, Appl(N,a))

end

| abst_reduce_dpair (Dpair(M,Abst(yofA,N0))) =

let val a = new_uvar yofA

in Dpair(Appl(M,a),apply_s b (term_sb yofA a) N0)

end

| abst_reduce_dpair _ = raise Fail("abst_reduce_dpair ")
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8.4.3 Rigid pairs

W e no w fo cus on the case of unifying t w o terms, neither of whic h is sub ject

to w eak head reduction and neither of whic h is an abstraction. Of these,

the simplest case is when eac h of the t w o terms is \rigid", i.e. , its top-lev el

structure do es not c hange under substitution. This is the case when the

head of a term is either a constan t or a Uvar . The treatmen t in this case is

to compare heads. If they are the same, w e replace the disagreemen t pair

with the corresp onding pairs of argumen ts. Otherwise, w e conclude that

the t w o terms are non-uni�able, and hence the disagreemen t set con taining

them is non-uni�able as w ell.

T o distinguish non-uni�abilit y from non-applicabilit y of a rewriter, w e

in tro duce a new exception with exception Nonunifiable . Rather than

extracting the heads and lists of argumen ts �rst, in the implemen tation

b elo w, w e accum ulate disagreemen t pairs matc hing up the corresp onding

argumen ts while descending to the heads. When w e get to a head, w e either

succeed or fail.

(* rigid_rigid : dpair -> dset -> dset,

Adds result of rigid-rigid decomposition to the given dset.

Fails if the dpair is not rigid-rigid.

Can raise the exception Nonunifiable. *)

fun rigid_rigid (Dpair(Evar(_,_,_,ref (SOME M0)), N)) dset =

rigid_rigid (Dpair(M0,N)) dset

| rigid_rigid (Dpair(M, Evar(_,_,_,ref (SOME N0)))) dset =

rigid_rigid (Dpair(M,N0)) dset

| rigid_rigid (Dpair(Appl(M1,N1),Appl( M2,N 2)) ) dset =

(* Note the "head-recursion" *)

rigid_rigid (Dpair(M1,M2)) (Dpair(N1,N2)::dset)

| rigid_rigid (Dpair(Const(name1),Cons t(na me2 ))) dset =

if name1 = name2 then dset else raise Nonunifiable

| rigid_rigid (Dpair(Uvar(_,stamp1),Uv ar(_ ,st amp2 ))) dset =

if stamp1 = stamp2 then dset else raise Nonunifiable

(* Otherwise, either not rigid-rigid or unification fails. *)

| rigid_rigid (Dpair(M,N)) _ =

if (is_rigid M) andalso (is_rigid N)

then raise Nonunifiable

else raise Fail("rigid_rigid")
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It is a simple matter to mak e this function in to a disagreemen t set

rewriter that attempts to apply rigid_rigid to the �rst disagreemen t pair

in a disagreemen t set:

(* rigid_rigid_rew : dset rewriter *)

fun rigid_rigid_rew nil = raise Fail("rigid_rigid_rew")

| rigid_rigid_rew (dp :: rest) = rigid_rigid dp rest

8.4.4 SIMPL

W e can no w assem ble the previous rewriters in to a main comp onen t of the

uni�cation algorithm, corresp onding to Huet's \SIMPL" phase. One step of

the SIMPL phase is accomplished b y the follo wing disagreemen t set rewriter,

whic h tries �rst head reduction, then (if that fails to apply) extensionalit y ,

and �nally rigid-rigid decomp osition.

val SIMPL_rew =

rew_or (rew_or (rew_first head_reduce_dpair)

(rew_first abst_reduce_dpair))

rigid_rigid_rew

The complete SIMPL phase rep eats SIMPL_rew as long as it applies,

transforming the �rst disagreemen t pair, and then recursiv ely w orks on the

remaining disagreemen t pairs.

fun SIMPL ds =

rew_and (rew_repeat SIMPL_rew)

(* if SIMPL_rew fails, (rew_repeat SIMPL_rew) succeeds and

either we have run out of disagreement pairs and are done,

or the first is no longer rigid-rigid and we need to go on. *)

(rew_rest SIMPL)

ds

8.4.5 MA TCH

The SIMPL phase leads either to non-uni�abilit y or to a disagreemen t set

made up completely of disagreemen t pairs relating t w o 
exible (non-rigid)

terms or one rigid and one 
exible term. As in Huet's algorithm, w e defer
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treating 
exible-
exible disagreemen t pairs, as their treatmen t leads to an

in tractable explosion of the searc h space, or, if a particular solution is c hosen,

to an o v ercommitmen t whic h m ust b e a v oided in this setting of constrain t

logic programming. A t least in the LF sub-calculus, these disagreemen t sets

are alw a ys uni�able when they arise [6 ].

The \MA TCH" phase examines a 
exible-rigid disagreemen t pair, in-

stan tiates the logic v ariable at the head of the 
exible term, and calls the

success con tin uation on an augmen ted disagreemen t set. Up on bac ktrac k-

ing, further instan tiations ma y b e tried. Once all p ossibilities are exhausted

MA TCH returns. The in terested reader can consult [6 ] for an explanation

and justi�cation of these instan tiations, as w ell as completeness pro ofs. Ac-

tually , completeness can in general only b e guaran teed for a sub calculus

where logic v ariables do not o ccur at the head of t yp es. As logic v ari-

ables ranging o v er t yp es are extremely useful in practice (they pro vide for

p olymorphism), and the algorithm will often b e complete ev en in this case,

enforcing this restriction statically is coun ter-pro ductiv e. Instead, w e giv e a

run-time w arning if the uni�cation pro cedure migh t b e incomplete.

A full discussion of MA TCH is b ey ond the scop e of this c hapter; w e

merely sho w some fragmen ts of the co de illustrating its con trol structure.

(* MATCH : dpair -> dset -> (dset -> unit) *)

fun MATCH (Dpair(flex,rigid)) ds sc =

let val F as Evar(Varbind(Fname,Ftype), _,ok _uv ars, _) = flex_term_head flex

...

(* Try a substitution given a term and its type *)

(* Given M and A such that |- M : A

instantiate F to M and constrain Ftype == A

(not necessary in the simply typed lambda-calculus) *)

fun try_subst_term M A =

( instantiate_evar F M ;

sc (Dpair(Ftype, A) :: ds) )

...

in

(* project_from and imitate enumerate the possible substitution terms for

F, calling try_subst_term on each; expecting it to return upon

backtracking. *)
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( trail (fn () => imitate ()) ; project_from Gamma_w )

end

There is no distinction in � Prolog or our h yp othetical language b et w een

c hoice p oin ts established during uni�cation and c hoice p oin ts established

during clause selection. Th us trailing m ust b e done at c hoice p oin ts during

uni�cation, as in the in terpreter.

8.4.6 Putting it together

No w w e com bine the v arious pieces in to the function unify_dset . It exp ects

a disagreemen t set and a success con tin uation, whic h is to b e called on a

p ossibly remaining constrain t, if the disagreemen t set is uni�able. If not, w e

simply return to signify failure and initiate bac ktrac king. Constrain ts are

nothing but disagreemen t sets with only 
exible-
exible pairs.

type constraint = dset

(* unify_dset : dset -> (constraint -> unit) -> unit *)

fun unify_dset ds sc =

(* First SIMPL. This may raise exception Nonunifiable handled below. *)

let val ds' = SIMPL ds

in (* ds' will have only flex-rigid, rigid-flex, or flex-flex pairs.

Select a flex-rigid or rigid-flex and call MATCH.

If there is none, we succeed with the remaining constraints.

MATCH returns upon backtracking. *)

case (find_flex_rigid ds')

of SOME(dp) => MATCH dp ds' (fn match_ds => unify_dset match_ds sc)

| NONE => sc ds' (* Success: only flex-flex left *)

end

handle Nonunifiable => () (* Failure in SIMPL *)

(* unify : term -> term -> constraint -> (constraint -> unit) -> unit *)

fun unify M N dset sc = unify_dset (Dpair(M,N) :: dset) sc

9 Higher-Order Logic

The language of higher-order terms in tro duced so far has not c hanged the

underlying logic of our logic programming language: it is still a �rst-order
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logic, though o v er a v ery ric h domain. This is su�cien t for man y application

programs (see, for example, [10 ]), but there are instances where it is v ery el-

egan t and natural to allo w true higher-order programming. By higher-or der

pr o gr amming w e mean the abilit y of programs to construct other programs

(to b e assumed) and other goals (to b e in v ok ed). In Prolog some sem blance

of suc h a facilit y is pro vided through the call primitiv e. Here w e ha v e a

higher-order term language, and, follo wing Ch urc h [3 ], w e in tro duce a dis-

tinguished t yp e of prop ositions ( o ) and constan ts represen ting the logical

quan ti�ers and connectiv es. F or example, logical conjunction is represen ted

b y a constan t and of t yp e o ! o ! o , and the existen tial quan ti�er is

represen ted b y a constan t exists of t yp e � A : type : (( A ! o ) ! o ).

Tw o simple examples of higher-order programs in the sense giv en ab o v e

are clauses de�ning once and not (negation-as-failure), giv en the more gen-

eral guard construct w e adopted in Section 6. ? is simply a goal whic h

alw a ys fails.

once ( G )  ( G ! > j ? ) :

not ( G )  ( G ! ? j > ) :

Here G is a v ariable of t yp e o and once and not are constan ts of t yp e o ! o .

Note that the argumen t G will b e passed as a term, but has to b e con v erted

to a goal b efore it can b e in v ok ed.

If w e implemen ted strictly higher-order hereditary Harrop form ulas (see [22 ]),

some of the w ork b elo w w ould not b e necessary , but in practice it is imp or-

tan t not to restrict static al ly to D-form ulas and G-form ulas whose predicate

sym b ol is �xed and kno wn at the time where terms are translated in to prop o-

sitions. Instead w e in tro duce a new case in the de�nitions of the datat yp es

gform and dform , namely Gflex of term and Dflex of term , resp ectiv ely .

They con v ey that w e do not y et kno w whether this term will b e atomic,

a conjunction, etc. , since it b egins with a predicate v ariable whic h migh t

b e instan tiated b y uni�cation b efor e the curren t G-form ula or D-form ula is

needed b y the in terpreter.

The functions term_to_gform and term_to_dform (not sho wn here)

translate a term to a form ula. They pro ceed b y con v erting the term to

head normal form and then deciding from the constan t at the head of the

term if it is a conjunction, disjunction, etc. If it matc hes none of the logical

constan ts, it is either atomic (if the head is rigid) or \
ex" if the head is

an Evar or a Bvar . The quan ti�ers are represen ted as constan ts applied to

abstractions.

All that is required to complete the in terpreter is to mo dify the clausi�-
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cation function to allo w Dflex form ulas and the in terpreter to allo w Gflex

form ulas. In either case, the argumen t is again con v erted to a prop osition.

If the form ula remains 
exible, an error results. Recall that 
exible form u-

las ma y b ecome rigid through instan tiation during uni�cation. Consider,

for example, 9 x ( x = > ^ x ). A t translation time, x is 
exible, but b y the

time the goal x is encoun tered, it has b een instan tiated to > , whic h should

simply succeed. W e th us add the follo wing case to solv e:

| solve (Gflex(M)) clauses uvars con sc =

(case term_to_gform M

of Gflex(M') => raise error("solve: Goal " ^ term_makestring(M')

^ " with variable head predicate.")

| g => solve g clauses uvars con sc)

and a corresp onding case to clausify

| clausify (Dflex(M)) body vars rest =

(case term_to_dform M

of Dflex(M') => raise error("clausify: Program " ^ term_makestring(M')

^ " with variable head predicate.")

| d => clausify d body vars rest)

10 Conclusion

The in terpreter w e ha v e dev elop ed is relativ ely close to eLP , our Common

Lisp implemen tation of � Prolog in the Ergo Supp ort System [8 , 20 ]. Most

of the di�erences ha v e already b een men tioned: clauses are indexed and

stored in a global hash table, b ound v ariables are represen ted b y deBruijn

indices and parameters and logic v ariables are time-stamp ed for comparison

and uni�cation of terms that ha v e not b een Sk olemized. There are also the

fron t-end, that is, parsing, unparsing, and t yp e reconstruction, the imple-

men tation of � Prolog's mo dule system, and \sp ecial" (non-logical) predi-

cates whic h w e ignored in this presen tation, some of whic h are b y no means

trivial. Uni�cation also di�ers: the one giv en here supp orts a m uc h ric her

� -calculus, but do es not implemen t a n um b er of imp ortan t optimizations

(see [23 ]) used in eLP. Finally , there are a n um b er of design mistak es whic h

are still part of the curren t eLP implemen tation whic h w e c hose not to ex-

p ose here.
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W e exp ect that the next set of signi�can t impro v emen ts in the imple-

men tation tec hniques for � Prolog and related languages will come from a

more economical represen tation of � -terms [26 ] and the dev elopmen t of com-

pilation tec hnology [24 ].

W e conclude with the remark that the complete Standard ML co de for

all v ersions of the in terpreter discussed here including a mo dest fron t end

are a v ailable via ftp o v er the In ternet.
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